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Abstract. This is an extended abstract of my talk at the Oberwolfach- Workshop 
"Representation Theory of Finite-Dimensional Algebras" (February 6 - 12, 2005). 
It gives self-contained and simplified definitions of quantum cluster algebras intro- 
duced and studied in a joint work with A. Berenstein (math.QA/0404446). 



Cluster algebras were introduced and studied by S. Fomin and A. Zelevinsky in 
HI E] • This is a family of commutative rings designed to serve as an algebraic 
framework for the theory of total positivity and canonical bases in semisimple groups 
and their quantum analogs. Here we report on a joint work with A. Berenstein j2], 
where we introduce and study quantum deformations of cluster algebras. 

We start by recalling the definition of cluster algebras (of geometric type). Let m 
and n be two positive integers with m > n. Let T be the field of rational functions 
over Q in m independent (commuting) variables. 

Definition 0.1. A seed in T is a pair (5c,B), where 

• x = {x\, . . . , x m } is a free (i.e., algebraically independent) generating set 
for T . 

• B is an m x n integer matrix with rows labeled by [1, m] = {1, . . . , m} and 
columns labeled by an n-element subset ex C [l,77i], such that, for some 
positive integers dj (j G ex), we have d^b^ = —djbji for all i,j G ex. 

The subset x = {xj : j G ex} C x (resp. c = x — x) is called the cluster (resp. the 
coefficient set) of a seed (x, B). The seeds are defined up to a relabeling of elements 
of x together with the corresponding relabeling of rows and columns of B. 

Definition 0.2. Let (x, B) be a seed in T . For any k G ex, the seed mutation in 
direction k transforms (x, B) into a seed (x', B') given by: 

• x' = x — {xk} U {x' k }, where x' k G T is determined by the exchange relation 



k H n n ^ 

i£[l,r?i] iG[l,m] 
b ik >0 b ik <0 



The entries of B' are given by 



-bij if % = k or j = k 



( 2 ) bi i 1 , \bik\bki + b ik \b 



bij H — otherwise. 
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The seed mutations generate an equivalence relation: we say that two seeds (x, B) 
and (x', B') are mutation- equivalent if (x', B') can be obtained from (x, B) by a 
sequence of seed mutations. 

Fix a mutation-equivalence class SS of seeds. Let X C T denote the union 
of clusters, and c the common coefficient set of all seeds from SS. The cluster 
algebra A(S S) associated with SS is the Z[c ±1 ]-subalgebra of T generated by X . 

We now define a family of (/-deformations of A(SS). The following setup is a 
simplified version of that in [2 . The main idea is to deform each extended cluster x 
to a quasi-commuting family X = . . . , X m } satisfying 

(3) XiXj = q^XjXi 

for some skew-symmetric integer m x m matrix A = (A^). Let T q denote the skew- 
field of fractions of the ring TL\q ±x l 2 , Xi, . . . , X m ), where X%, . . . , X m are algebraically 
independent variables satisfying Q. For any a = (ai, . . . , a m ) G Z m , we set 

(4) x a = q^i>3 x iJ a i a 3 X® 1 ■ ■ ■ X^ 1 

Definition 0.3. A free generating set for T q is a subset {Yj., . . . , Y m } C T q of the 
following form: Yj = (p(X Cj ), where ip is a Q(g ±1 / 2 )-linear automorphism of J- q , and 
{ci, . . . , Cm} is a basis of the lattice Z m . 

Note that the subset {Y\, . . . , Y m } can be used instead of {Xi, . . . , X m } in the 
definition of the ambient field J-" q , with the matrix A replaced by C T AC, where C is 
the matrix with columns Ci, . . . , c m . 

Definition 0.4. A quantum seed in T q is a pair (X, B), where 

• X = {X 1 , . . . , X m } is a free generating set for T q . 

• B is a m x n integer matrix with rows labeled by [1, m] and columns labeled 
by an n-element subset ex C [l,7w], which is compatible with the matrix A 
given by (J3J), in the following sense: for some positive integers dj (j G ex), 
we have 

m 

(5) ^ b kjhi = $ijdj {j £ ex, i £ [1, m]) . 

k=l 

As in Definition 10.11 the quantum seeds are defined up to a relabeling of elements of 
X together with the corresponding relabeling of rows and columns of B. 

Note that (0) implies that a?Aj = ~djbji for all i,j G ex, i.e., B is as in Defini- 
tion mm 

Example 0.5. Let m = 2n, ex = [l,n], and let B be of the form 




where I is the identity n x n matrix. Here B is an arbitrary integer n x n matrix 
satisfying d^ = —djbji for some positive integers di,...,d n : in other words, B is 
skew-symmetrizable, that is, DB is skew-symmetric, where D is the diagonal matrix 
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(6) A 



with diagonal entries d\, . . . , d n . An easy calculation shows that the skew-symmetric 
matrices A compatible with B in the sense of (JHJ are those of the form 

A —D - A B 

)-B T A -DB + B t A j 

where A is an arbitrary skew-symmetric integer n x n matrix. 

Definition 0.6. Let (X, B) be a quantum seed in T q . For any k e ex, the quantum 
seed mutation in direction k transforms (X, B) into a quantum seed (X', B') given 
by: 

• X' = X - {X k } U {X' k }, where X' k G T q is given by 

(7) X' k = x" ek+ ^ h ik> obihei + x~ ek ~^ b ik< ohkei , 

where the terms on the right are defined via (j3J), and {ei,...,e m } is the 
standard basis in IT 1 . 

• The matrix entries of B' are given by ([%]). 

The fact that (X', 1?') is a quantum seed is not automatic: for the proof see 
Proposition 4.7]. 

Based on definitions (j().4j) and IjO.fij) . one defines the quantum cluster algebra asso- 
ciated with a mutation-equivalence class of quantum seeds, in exactly the same way 
as the ordinary cluster algebra. It is shown in [2] that practically all the structural 
results on cluster algebras obtained in [T] extend to the quantum setting. This 
includes the Laurent phenomenon obtained in [3 BJG] and the classification of cluster 
algebras of finite type given in [3]. 
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